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Abstract. We introduce and illustrate a graph calculus for proving and
deciding the positive identities and inclusions of fork algebras, i.e., those
without occurrences of complementation. We show that this graph calcu-
lus is sound, complete and decidable. Moreover, the playful nature of this
calculus renders it much more intuitive than its equational counterpart.
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1 Introduction

In this paper we introduce and illustrate a graph calculus for decid-
ing the positive identities and inclusions of fork algebras, i.e., those
having no occurrences of complementation.

Relation algebras [15] are appropriate to formalize some aspects
of program methodology albeit their limitations on expressive and
proof powers. One of the motivations for extending relation algebras
is capturing important notions linked to storing and retrieving of
data, which is beyond its range. One operator introduced to this
end is the fork operator [8], which is induced by a given injective
coding function %, so that b&c can be regarded as an encoding of the
ordered pair (b, c). Given (binary) relations X and Y on a base set
U, by applying fork to X and Y we obtain the relation {(a,b&c) :
(a,b) € X and (a,c) € Y}.

For instance, given relations X, X5, X3, X, on a set U, fork can
be used to store the coded result of the application of X7, Xs, X3, X4
to a single element a € U. That is, a pair (a, b) belongs to the relation
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obtained by iterated application of fork to relations X, X5, X3, X4
on U, iff there are by, bo, b3, by € U such that b = by & (bo&(bs&bs)) and
(a,by) € X1, (a,by) € Xs,(a,b3) € X3, (a,bs) € Xy. Fork can also be
used to define projection operators to retrieve the data stored. For
instance, one can define a new constant operator 7T§ that outputs
the third coordinate of a quadruple, i.e., a pair (a,b) belongs to the
relation 73 iff there are aj, as, as, ay € U such that a is the encoding
a8 (aser(azeay)) and b is ag.

Abstractly, relation algebras can be defined by a set of identities
specifying the behavior of the Boolean and Peircean operators as fol-
lows. The former operators behave as in Boolean algebras. The latter
operators behave as in involuted monoid theory. One also adds an
identity expressing a geometric aspect of the interaction of Boolean
and Peircean operators [9, 14]. Fork algebras may be defined by ex-
tending relation algebras with a new binary operator Vv (fork) and
the following three identities:

(a) IVE)" v(EVD LI,

(b) (rvs)o(tvg) = (rotT)M(soq"),

(c) (ro(IVE))M(so(EVI))=7rvs.

One of the most important characteristics of the fork algebraic
apparatus is that it provides algebraic proofs of interesting program
properties, such as input-output specification of programs, includ-
ing refinement and abstraction; program behavior, including non-
determinism and parallelism; program design strategies, including
case analysis and divide-and-conquer, etc. [8]. Indeed, fork algebras
are provided with an algebraic language where properties of pro-
gram (schemata) can be expressed as equations and inferred from
other equationally specified properties merely by replacing equals
by equals.

Although the validity of some identities is easily established, this
is not true in general: the equational theories of relation and fork
algebras are rather complex [16]. Indeed, some non-algebraic mecha-
nisms have been developed to cope with the problem of establishing
identities involving relations [4, 13]. This paper is a contribution in
this line of development.

As a first step to overcome the difficulties mentioned above, we
will introduce a formal calculus whose formulas are graphs (defining
relations) and whose rules are used to derive graphs from graphs.
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We will prove that this calculus is sound, complete and decidable
for graph inclusions. The graphical system can be directly applied
to the positive fork algebraic inclusions and identities. Positive fork
terms correspond to graphs and the graphical apparatus can be used
to decide the equalities and identities in a playful manner.

In Section 2 we describe the positive fork language +FL, its for-
mal syntax and semantics, as well as some examples of equations that
are true. In Section 3 we introduce the positive fork calculus with
graphs +FG. It is built as an extension of the positive fork language
hinging on an adequate notion of a graph labeled with fork terms.
We also introduce inference rules to transform graphs into graphs
illustrating their application. In Section 4 we establish the central
metamathematical results of soundness and completeness as well as
decidability. These results can be transferred directly to the the pos-
itive fork language. Section 5 closes the paper with some remarks
and directions for future work.

2 Positive fork language

The positive fork relational language +FL is a variant of the positive
relational language treated in [5, 6] by restricting semantics to struc-
tured models (cf. below) and introducing a new binary operator V
on relations, called fork [8].

The +FL terms, typically denoted R,S,T, are generated from
the set of relational variables RVAR = {r; : i € w} by applying
the relational operators E, I, T, M, L, o, and V, according to the
grammar R =7, |E|I|RT | RMNS|RUS|RoS|RVS. The
positive fork relational inclusions and equalities are the expressions
of the forms R C S and R = S, respectively.

A structured universe is a pair (M, %), where M # () and & : M x
M — M is an injective operation. Intuitively, ag#tb € M codifies the
pair (a,b) of elements of M. The fork induced by & in a structured
universe (M, ) is the binary operation V, on relations on M given
by RV,S := {(a,bec) € M x M : aRb and aSc}.

A structured model is a triple 9 = (M, @, 7");c.,, where (M, %)
is a structured universe and ™ C M x M for every i € w. The
meaning [R]sm of a term R in a structured model 9 is defined sim-
ilarly to the relational case (excluding all references to the empty
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relation and to complementation) together with an additional clause
to treat the fork operator. Formally, given a strucuture model 9t =
(M, &,7™);c.,, symbols E and | are interpreted, respectively, as the
relations M x M and {(a,a) : a € M}; symbols M, LU, T and
o as intersection, union, conversion and composition of relations,
respectively; and the meaning of a fork term R V S is defined by
[RV S ::= [R]mVa[S]om-

Validity of inclusions and equalities are defined as usual. As ex-
amples of valid formulas we have the three formulas (a), (b) and (c)
taken as axioms for fork algebras in Section 1. In the sequel, we will
introduce the positive fork graph calculus to prove valid inclusions.

3 Positive fork graph calculus

In the positive graph relational calculus +RG [5, 6], relations are
represented by (directed pseudo multi) graphs having two distin-
guished nodes and arcs labeled by positive relational terms. In the
positive fork graph calculus +FG, we shall label arcs with positive
fork relational terms and the graphs will represent binary relations
on structured universes. We would like to distinguish ordinary nodes
from those in the range of a star function.

We consider a fixed set INOD = {z,, : n € w} of nodes, typically
denoted by x,y, 2z, u, v, w. Given set N C INOD, a node equation on
N is a triple (u, v, w), denoted uxv — w, with u,v,w € N; here w is
the star of u and v, which are, respectively, the first and the second
components of w. A table on N is a set T' of node equations on V.
With respect to a table T', we call a node w structured iff there is
some node equation uxv »— w in T', otherwise, we call it atomic.

Graphically, we represent nodes by dots and node equations by
two-source arrows pointing to the structured node and displaying its
first and second components: a single line indicates the first compo-
nent whereas a double line indicates the second one. For instance,
node equation uxv — w, where u, v, w are pairwise distinct, is rep-
resented in Figure 1.

An arc is a triple (u, R,v), denoted uRv, where u,v are nodes,
and R is a +FL term. Graphically, we represent arcs by labeled
arrows linking nodes.
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O s

UkV — w Uxv — U U*xV — v uxu — v uxu — U

Fig. 1. Graphical representation of node equations

A slice is a structure S = (N, T, A, z,y), where N is a non-
empty set of nodes, T is a table on N, A C N x Trm x N is a
set of labeled arcs (Trm is the set of +FL terms), and x,y are (not
necessarily distinct) nodes in N, called input and output, respec-
tively. Graphically, we represent slices by directed arc-labeled pseudo
multi graphs with distinguished nodes z,y represented by —, -+,
respectively. For instance, the slice S = ({z,u,v,w,y}, {uxv —
w}, {xru, x(sM v, w(Eot)y}, x,y), having a structured node, is rep-
resented in Figure 2.

[ ]
V Eot
_ \ ° +
sl °
Fig. 2. Slice S with a structured node

A positive fork graph, or simply a graph, typically denoted by
G, H, is a finite non-empty set of slices. A graph can be represented
by the juxtaposition of the representation of its slices. The +FG
inclusions and equalities are expressions of the forms G T H and
G = H, respectively.

The semantics of slices and graphs are based on binary relations.
First, given a slice S = (N, T, A, z,y) and a structured model 9t
with universe M, an 9M-assignment for S is a function g : N — M
such that (gu, gv) € [R]sn, for every arc uRv in A, and gugtgv = gw,
for every node equation uxv »— w in T'. Now, the meaning of a slice S
in a model 9 is the subset [S]on of M x M defined by (a, b) € [S]on
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iff gr = a, gy = b, for some M-assignment g for S. The meaning of
graph G = (S;)ier in M is [Glon = U, [Sillom-

A +FG inclusion G C H holds in a model 91, denoted M = G C
H, iff [G]on C [H]om. It is valid, denoted = G C H, iff it holds in
every model. Analogously, we can define truth and validity for +FG
equalities and prove results similar to those described in Section 2

for +FL inclusions and equalities. In particular, graphs G and H are
called equivalent iff =G = H.

The deductive apparatus of +FG is given by a set of graph trans-
forming rules. Some rules transform a graph into an equivalent one
(usually used to put a graph in normal form), while another rule will
be used to compare graphs (usually in normal form). We will use the
node substitution notation ¥ for replacing u by v, which we extend
naturally to pairs and triples as well as sets; e.g., for a set A of arcs,
we put A% := {wtRz" : wRz € A}.

The transformation rules are given in Tables 1, 2 and 3. Rules
in Table 1(a) cover the relational part of the fork graphs and the
rule in Table 1(b) covers similarly the fork operator. The star rules
in Table 2 concern the graph tables. The rules in these three tables
can be applied in both directions. In fact, each one of these rules
is an abbreviation for two rules: downward and upward. The rules
in Table 1 allow the elimination (downwards) and the introduction
(upwards) of the operators. Table 3 presents the capital rule for
comparing graphs.

We will explain each bidirectional rule in the downward direction.
Each rule in Tables 1 and 2 states that the meaning of graph does
not change when applying the local transformation specified in the
rule, leaving the rest of graph untouched. Soundness will follow from
the explanations.

Rules in Table 1(a) concern the relational part of the fork graphs,
being similar to those of +RG [6]. Rule Unv allows erasing an arc
labeled by E from a slice. Rule Idn allows one to erase an arc ulv and
a node u, renaming nodes and redirecting arcs accordingly. Rule Cnv
allows replacing an arc uR"v by vRu. Rule Int allows one to replace
an arc uR M Sv by two others uRv and uSv. Rule Uni allows one to
replace a slice C' having an arc uR LI Sv, by two other slices C'r and
(s, obtained from C by replacing the arc uR LI Sv by a new arc:
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GU{(N,AU{uEv},z,y)} ldn GU{(N,Au{ulv},z,y)}

Unv OV, A, 7, 0)) GU{(NE, A% g% yi))

GU{(N,AU{uR v}, z,y)} e GU{V, AU {uR 1 Sv},x,9)}

Cnv Gu {(N,A @] {’L}Ru}7x,y)} GU {(N,A @] {uRv,uSv},x,y)}

GU{(N,AU{uRU Sv},z,y)}

Uni GU{(N,AU{uRv},z,y),(N,AU{uSv}, z,y)}

GU{(N,AU{uRo Sv},z,y)}
PGU {(NU{w}, AU {uRw,wSv},x,y)}

Cm ifwgN

(a) Relational rules

GU{(N,T,AU{uR v Sv},z,y)}
GU{(NU {v1,v2}, T U {v1ixva — v}, AU{uRv1,uSv2}, x,y)}

ifvl,vz QN

(b) Fork rule

Table 1. Elimination/Introduction rules for transforming graphs

uRv for C'r and uSv for Cs. Rule Cmp allows one to replace an arc
uR o Sv by two others, uRw and wSv, with a new node w.

Table 1(b) presents the Frk rule concerning the fork operator: it
allows one to replace an arc uR V Sv by two other arcs uRv; and
wSvy, with two new nodes v; and vs.

Table 2 presents the rules concerning graph tables. Rule Tot al-
lows one to add a new node as the star of given nodes. Rule Fnc
allows one to identify nodes that are the star of the same pair of
nodes. Rule Inj allows one to identify nodes that are the first and the
second components, respectively, of a node. Each one of these rules
is sound since & is a total, injective function.

Table 3 presents the capital rule GrCvr: it allows one to infer a
graph from one covered under homomorphism. The notions involved
are natural extensions of the +RG case [6].

Given slices S = (N,T,A,z,y) and S" = (N, T, A", 2',y), a
homomorphism from S’ to S (denoted 6 : S" — §) is a function
0 : N' — N that preserves the slice structure: Qwx6u — v € T, for
every node equation w*u — v in T"; OuRfv € A, for every arc uRv
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Tot GU{(N,T,A,z,y)}
GU{(NU{w}, TU{uxv — w}, A, z,y)}

ifwgN

ne _ GULV, T U {uxv — wi, ukv — wa}, A 2, y) }
GU{(Nﬂ7(TU{U*Ule})%’A%’xﬂ wl)}

wo wo ’yw72

F

GU{(N,T U {ui*v1 — w,usxve — w}h, A, x,y)}
GU{((N) 35 (T Uwkor — w) 2 ], (AR 0 (w3) ot (v ) 45)}

vy’

Inj

Table 2. Star rules for transforming graphs

GrCvr % ifG«— H

Table 3. Homomorphism rule GrCvr for transforming graphs.

in A’; 02’ = x and 0y’ = y. Given graphs G and H, we say that H
covers G (denoted G «— H) iff, for each slice S of G, there is a slice
S’" of H and a homomorphism 6 : 5" — S.

Rule GrCvr can be applied only downwards, but a special case
of GrCvr can be applied in both directions, namely, the derived rule
ErUn for erasing useless nodes presented in Table 4. A node is useless
in a slice iff it is not distinguished and does not occur in its arcs nor
in its table.

NUw, T, A x,y

E
U TN T Ay

if w is useless

Table 4. Derived rule ErUn for erasing useless nodes.

An inclusion G C H is a +FG theorem, denoted - G C H, iff
H can be obtained from G by applications of the inference rules.
We will call graphs G and H provably equivalent iff H G © H and
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F H C G. We call a proof normal iff it consists of applications of
elimination, star and ErUn rules, followed by a single application of
the GrCvr rule, followed by applications of introduction, star and
ErUn rules.

To illustrate the system in action, we associate to a fork relational
term R its graph G = {({z,y},0,{zRy},x,y)}. Then, it is clear
that [Gg]an = [R]on, for every model M. So, we can reduce inclusions
between fork relational terms to inclusions between their associated
graphs: = R C S iff - Gr C Gg. A graph proof of the +FG axiom
(a) is indicated in Figure 3.

N
—_ >~ 4 Sad — / +
\<

Inj ¢ Fnc ¢ _ GrCvr _
e O T D =
[ ]

Intr rules - — 4
=

Fig. 3. Graph proof of fork axiom (a)

+FG also can model a kind of parallel product through the in-
troduction of the operator cross. Given a pair of relations X and Y
on a set U, by applying cross to X and Y we obtain the relation
{(#ab, #cd) : (a,c) € X and (b,d) € Y}. A fork algebraic definition
of cross is given by [8]: r® s := (I VE) o) V((EVI)' 0s). In [8],
® 1is extensively used to prove identities as

() (rvs)o(t@u) = (rot) v (sou),
describing the iterated behaviour of the algebraic operators. Figure 4
contains an equational proof of (d).
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TT

Touw)

ot) V((EVI) .
T

T

Fig. 4. Equational proof of (d)

Figure 5 presents an alternative graph proof, based on the derived
rule Paral in Table 5, whose graph derivation is in Figure 6.

Elim /Int t
(rvs)o(t®@u) rules A * * ¢
— + — — — & —< >—> +
S\ L] e—> o
u
Ini + Tot . . Int/Elim
nj; To r - rules
V N (rot) V(sow
s\

e—>eo

Fig. 5. Graph proof of (d)

4 Metamathematics of the fork graph calculus

In this section, we prove soundness, completeness and decidability
of the positive fork graph calculus with respect to the +FG valid
inclusions. The approach presented here is a substantial extension of
the one given in [5], for +RG.

Soundness of +FG is an immediate consequence of the Lemma 1.
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Paral
N, T,AU{uR ® Sv},z,y
N U {w1, w2, ws,ws}, T U {wixws — u, wekws — v}, AU {wi Rwe, wsSwa},z,y

if w1, W2, W3, W4 Q N

Table 5. Derived introduction/elimination rule for ® .

Lemma 1. Consider graphs G and H. If H is obtained from G by
applications of the rules in Tables 1, 2 and 4, then =G = H. If H
is obtained from G by the rule GrCvr then =G C H.

For the remaining results, we will define a normal form for graphs
and show that inclusion of graphs can be reduced to inclusion of their
normal forms.

A table T induces a relation xr on (N x N) x N such that (u, v)*r
w iff uxv — w € T. We call a table functional or injective iff the
induced relation is functional or injective, respectively.

A star-path in a slice is a sequence (uy, vy, . .., Uy, Uy, w) of nodes
such that u,*v, — w € T and for each 7,1 < ...i... < n—1,
uxv; — U1 € T or uq*v; — v € T. A star-cycle in a slice is a
sequence (uy, vy, ..., Up, v,) of nodes such that u,xv, — u; € T or
UpxVy, — v1 € T, and or each 7,1 < ... 0... <n— 1, u*v; = U1 €
T or u*v; — v;1q €T

Now, we introduce the notion of essential node, which will play
a central role in the definition of normal form for graphs. A node v
is essential in a slice S if it is n-essential in S, for some n € N. A
node v is 0-essential in a slice S if v is distinguished in S, or v is
an extreme of an arc in .S, or v is an element of a star-cycle in S. A
node v is n-essential in a slice S, for n > 0, if there is a star-path
(U1, v1, ..., Uy, Uy, w) in S such that v is not m-essential in S, for
m < n, w is 0-essential in S, and v = u; or v = vy.

We call a graph G basic iff every arc in G is labeled by a relational
variable, functionally injective iff every table in G is functional and
injective, and lean iff every node in G is essential. We say that G is
in normal form iff G is basic, functionally injective and lean.
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Parallel Elim/Int
res definition (v E)T or) V((EWV I)T 0s) rules
-—+ = - -+ =

/\1$'> L
i G
\<H/ S

Fig. 6. Derivation of graph rule Paral

Lemma 2 (Conversion to normal form). FEvery graph G can
be effectively converted (by elimination, star and ErUn rules) into a
provably equivalent graph vG in normal form.

Proof. By applying elimination rules we reduce G to a basic G (by
induction on the number of operators in the labels of arcs in the
graph). By applying rules Fnc and Inj we reduce G to a functionally
injective G (by induction on the number of nodes in the slices of
the graph). We can reduce Gy to a lean vG, noting that, as the
table of G5 is injective, a non-essential node occurs in a star-path or
is useless. If it occurs in star-path, this star-path has a sink which
is not a O-essential node and occurs in exactly one node-equation,
whence this sink can be eliminated by rule Tot. In the latter case, we
use rule ErUn. We thus effectively convert GG into vG in normal form,
they are provably equivalent since the rules used are reversible.

Thus, by soundness, we can reduce inclusions to inclusion of nor-
mal forms.

Corollary 1 (Reduction). Given fork graphs G and H, = G C H
iff EvG CvH.

The next lemma is our main tool for establishing the remaining
results. Its proof is based on a construction of a model induced by a
slice in normal form.
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Lemma 3. Given fork graphs G and H in normal form, if = G C
H, then H covers G.

Proof. Assume = G C H. Let S = (N, T, A, z,y) be a slice of G.
Construct structured model Mg = (N*®, %, r:Tm 9)icw as follows:

— N® := Upen Niy with Ny := N and
Nii1:= Ny U{(u,v) € Ny X Ny : Vw € Np(ukv — w & T)},
— 7 .= {(u,v) € N x N :urjv € A},
w  ifuxwo—weT

Couee= (u, v) otherwise.

It is easy to see that (z,y) € [G]ons-

Also, Mg is a model, since by construction, & is total as well
as injective and is functional. Since = G T H, we have (z,y) €
[H]oms. Thus, consider a slice 8" = (N, A", T",2',y) of H and an
Ms-assignment g : N’ — N® with g2’ =z, gy = y.

We claim that the range of g is a subset of N. In fact, given v €
N’, we have that v is essential, since H is in normal form. If v is
distinguished in S’, or an extreme of an arc in S’, then gv € N. If
v is in a star-cycle in S, then gv € N, since the nodes introduced
in the construction of 9 do not belong to cycles. If v is in a star-
path (u1,v1, ..., Up, vy, w) in S’ such that v = uy or v = v; and w
is a O-essential node in S’, then, by previous cases, gw € N. Since
U, *xv, — w € T', we have gu,&gv, = gw. Hence, gu,xgv, — gquw €
T. So, gu,,gv, € N. Applying the same reasoning backwards, we
obtain gv € N.

To show that g is a homomorphism from S’ to S, it remains to see
that g preserves arcs and tables, but this is clear, because g is an
M g-assignment.*

We thus immediately have our central equivalences.

Proposition 1. Given fork graphs G and H, the following asser-
tions are equivalent.

1. The inclusion G € H is valid: = G C H.

2. The inclusion vG T vH is valid: = vG C vH.

4 For a node equation uxv — w € T°, we have gutigv = gw, and as gw € N, we have
gukgv — gw € T. For an arc ur;v € A’, we have (gu, gv) € [ri]Jmg, and by the
definition of Mg, one has gur;gv € A.
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3. vH covers vG: vG «— vH.
4. The inclusion G C H is a theorem: G C H.

We thus have completeness (of normal) proofs and decidability.

Theorem 1. Given a fork graph G and H, consider the inclusion
GLCH.
(a) If G C H is valid, then there is a normal proof of H from G.
(b) The inclusion G C H is valid iff vH covers vG.

5 Perspectives

We have presented a graph calculus for proving and deciding the
positive identities and inclusions of fork algebras. In this calculus,
formulas are graphs and the rules derive graphs from graphs. This
calculus is sound, complete and decidable for graph inclusions. We
have illustrated how this graphical apparatus can be directly applied
to the positive fork algebraic inclusions and identities. Our fork cal-
culus considered structured universes with a total injective function
#. A natural extension would be providing sound and complete cal-
culi for structured universes with weaker restrictions imposed on .

Proofs of inclusions and identities from hypotheses are also inter-
esting. Extending our system to cope with this non-decidable case
will involve more elaborated work.

Pictures have been proposed as a tool to help investigating and
applying relational formalisms. Here, we mention three main lines
of research. The approach based on the theory of allegories [1-4,
10], the approach based on the rewriting systems [11-13], and the
logic systematic approach [3,5,6]. Each one of these approaches has
its own flavor, techniques of investigations and line of results. Never-
theless, they are not completely disjoint sharing many characteristics
whose interactions deserve further investigation. The work reported
here may also be viewed as a first contribution in this direction in
that we extend the logic systematic approach to the positive fork
language. We thus provide a basis for a new formalism, which is not
only more widely applicable but also provides a common denomina-
tor of the above three lines of investigation.
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